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Introduction. It is the purpose of this paper to establish certain transformations for any non-developable surface that bears a family of asymptotic curves and is immersed in a space of n dimensions Sn (n>3). All surfaces mentioned hereafter will belong to 5".
The ambient of the osculating planes at a point of a surface to all of the curves on the surface that go through the point is a space of not more than five dimensions, f The class of all surfaces in Sn for which the ambient at all points is a space of four dimensions is divided into two subclasses. One of these subclasses is composed of all surfaces in Sn that bear each a conjugate net of curves, while the other is composed of all surfaces in Sn that sustain each a family of asymptotic curves.
In the classical transformations for a surface bearing a conjugate net, the two congruences of lines tangent to the curves of the net have played basic rôles. We shall assign a similar rôle to the <x>2 lines tangent to the asymptotic curves of a family. Although the congruence of these lines contains only a one parameter family of developable surfaces, it will be defined as a parabolic congruence.
To facilitate discussion, a terminology for certain geometric relations is introduced. Definition 1. The asymptotic curves of a given family are said to be autoconjugate to the lines of a parabolic congruence if the curves of the family lie on the developable surfaces of the congruence, provided that the surface which sustains the given family is not the focal surface of the congruence. Definition 2. A family of asymptotic curves on a surface and a parabolic congruence, such that there is just one line of the congruence lying in each tangent plane of the surface and not passing through the point of contact, are harmonic to each other in case the developable surfaces of the parabolic congruence correspond to the curves of the family.
Definition
3. If two families of asymptotic curves are autoconjugate to the same parabolic congruence, they are said to be in relation F'.
The transformation F' of families of asymptotic lines is an analogue of the well known transformation F of conjugate systems.* Definition 4. If the points of a surface are in a one-to-one correspondence with »2 straight lines, and if corresponding points and lines are in united position, the surface is said to be transversal to the lines.
In §1 is developed a transformation of a family of asymptotic curves which is analogous to the transformation of Levy for conjugate nets,f while in §2 is exhibited a method for determining all of the parabolic congruences autoconjugate to a given family of asymptotic curves. There is developed in §3 a method for determining a family of asymptotic curves in relation £' with a given family of curves of the same kind. A study is made in §4 of the relation of several F' transforms of a given family of asymptotic curves by means of the same parabolic congruence. The relation of two F' transforms of a given surface by means of two different parabolic congruences is considered in §5, and a theorem of permutability for the transformation F' is established in §6. General transversal,surfaces of a parabolic congruence are examined in §7, and it is proved that these surfaces too are transformable by some of the methods which we have applied to surfaces bearing families of asymptotic curves.
1. A transformation of a family of asymptotic curves. Consider a nondevelopable surface 5 which sustains a family of asymptotic curves and is immersed in a projective space of n dimensions (« > 3). A parametric vector equation of the surface may be written in terms of homogeneous coordinates &sy=y (u, v) . We adopt the asymptotic curves as the w-curves, and any other family of curves on the surface as n-curves. The resulting coordinates y of the generating point of the surface are known to satisfy a differential equation of the form To obtain a transformation of S, let £ be a solution of (1.1). The point determined by the coordinates (1.2) x = Ryu-Ray is on the line which is tangent at the point y to the «-curve of S. We shall show that the point x generates a surface having a family of asymptotic curves as «-curves. By computing derivatives of (1.2) and reducing them by means of (1.1), we obtain the relations x = Ryu -Ruy, (1.3) xu -ax = b(Ryv -Rvy),
xuu -axu -bxv -aux = -2bRvyu + (2bRu + buR)yv -buR*y.
The determinant of the coefficients of y, yu, and yv in the right members of (1.3) is equal to zero. Hence the left members satisfy a linear relation. This relation is equivalent to the differential equation
which indicates that the «-curves of the surface S(x) belong to a family of asymptotic curves.
The first of equations (1.3) indicates that the surface S(x) is transversal to the parabolic congruence of lines which are tangent to the «-curves of S(y). Moreover, the family of asymptotic «-curves on S(x) is autoconjugate to the parabolic congruence.
From the first and second equations of (1.3), we observe that the line which is tangent to the «-curve of S(x) at the point x, lies in the plane which is tangent to S(y) at the point y. Hence the parabolic congruence of lines tangent to the «-curves of S(x) is harmonic to the family of asymptotic «-curves on S(y).
The transformation (1.2) is an analogue of the transformation of Levy for conjugate nets. Repeated application of this transformation produces a sequence of surfaces which is a close analogue of a Levy sequence of conjugate nets.
We shall now prove that all families of asymptotic curves that are autoconjugate to the parabolic congruence of lines tangent to the «-curves of S(y) are obtained by transformations of the same form as (1.2).
Let the generating point of a surface transversal to the tangent lines of the «-curves of S(y) have coordinates £. By means of a transformation y = drj, let new coordinates rj for the generating point of S(y) be chosen so that
This change of coordinates transforms the differential equation (1.1) into an equation of the form (1.6) Vu* = ocnu + ßVv + yr, (ß ¿¿ 0), in which certain of the coefficients are specialized by the particular choice of 9. In order that the surface S(£) have a family of asymptotic «-curves, it is necessary and sufficient that £ satisfy an equation of the same form as (1.1). If, by means of equations (1.5) and (1.6) we express £, £", £", and £uu in terms of v, Vu, Vv, and tjuv, and set the determinant of the coefficients of the latter functions equal to zero, we find that
is the only restriction on the coefficients of (1.6) in order that S(£) have the required family of asymptotic curves. The general solution of (1.7) is y=ßf(v), a special case of which is y=f(v) =0. But in order for y to be zero, the above function 0 must be a solution of (1.1). Then the coordinates £ can be written as £ = (i/e2)(eyu~euy).
Iif(v) 5^0, we introduce the value of y, and verify that $. -aC-ßfa+fy).
A second transformation rj=p(v)Ç is introduced, where p satisfies the condition dp/dv = -pf. As a result of this transformation, the above equation and (1.5) become
Integrability conditions on the left members of (1.8) show that f satisfies a differential equation of the same form as (1.6), but with 7 = 0. The above transformations y = 9r¡ and ï7=p.f are equivalent to the single transformation y=£f.
Since this transformation changes (1.1) into a new equation in f, of the same form as (1.6), but with 7 = 0, the function £ is a solution of (1.1).
The second of equations (1.8) can be written in the form £ = (p/R2)(Ryu-Ruy). This establishes Theorem 1. Let S(y) be a surface bearing a family of asymptotic u-curves, and for which the point differential equation is (1.1). Let S(x) be any surface which sustains a family of asymptotic curves autoconjugate to the parabolic congruence of lines tangent to the u-curves of S(y). Then the transformation which sends S(y) into S(x) may be represented by a relation of the form x = Ryu-Ruy, in which Ris a solution of (1.1).
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We make use of a second solution R' of equation (1.1) to construct the transformation of S(x) which is represented by the equation (1.9)
x' = R'yu~ Ráy.
From equations (1.1) and (1.9) is derived the relation
which is similar to the second of (1.3). Equations (1.9) and (1.10) together with (1.3) indicate that the line tangent at the point x' to the «-curve of S(x'), and the corresponding line tangent to the «-curve of S(x), lie in the plane which is tangent at the point y to S(y). Since these lines lie in a plane, they intersect in a point having coordinates x". Wé shall prove that the point x" generates a surface which has a family of asymptotic lines as parametric «-curves, and that this family of curves is autoconjugate to each of the parabolic congruences formed by the lines tangent to the «-curves of S(x) and S(x') respectively. Since R' is a solution of (1.1), the function 9. -<& -bp.
To determine the coordinates of the point of intersection of the two corresponding tangent lines to the «-curves of S(x) and S(x'), we list the following relations x = Ryu -Ruy, " . _. xu = R(ayu + byv) -(aRu + bRv)y,
(1.14)
x' = R'yuRáy, xá = R'(ayu + byv) -a(Rá + bRá)y.
By eliminating y, yu, and yv from (1.14), we obtain the relation
After using equations (1.13) to reduce the coefficients of x and x' in the above equation, we have the coordinates
x" = R'(dx» -dux) = -R(6'xñ -6ñ x').
Since 9 and 9' are solutions of the point differential equations of S(x) and S(x') respectively, the. surface S(x") is by (1.2) a transform of S(x) and S(x') alike. By virtue of these transformations, S(x") has a family of asymptotic curves as «-curves, and this family is autoconjugate to each of the two parabolic congruences formed by lines tangent to the «-curves of the surfaces S(x) and S(x') respectively.
Since, by the remark following equation (1.10), the line tangent at the point x" to the «-curve of S(x") lies in the plane tangent at the point x to S(x), and lies also in the plane tangent at the point x' to S(x'), it follows that the families of asymptotic curves of both S(x) and S(x') are harmonic to the parabolic congruence formed by the totality of these tangent lines. From these results, we state Theorem 2. // two families of asymptotic curves are autoconjugate to the same parabolic congruence, they are both harmonic to a second parabolic congruence.
2. Parabolic congruences autoconjugate to a family of asymptotic curves. Let S(x) be a surface having a family of asymptotic «-curves. Denote by S(y) the focal surface of a parabolic congruence that is autoconjugate to the family of asymptotic curves on S(x).
The coordinates x satisfy a differential equation Since the point x is on the line tangent at point y to the «-curve of S(y), the coordinates x and y satisfy a relation (2.3) yu + Xy = px.
To obtain the consequences of equations (2.1), (2.2), and (2.3), we take the derivative with respect to u of (2.3), and reduce the result by (2.2) and (2.3). The relation reduces to the equation Byv + (C + X" -X2 -^4X)y = pxu + (pu -pA -p\)x, which can be written in an abbreviated form with (2.3) to give the system yu + ay = ßx, (2.4) y» + py = <>■*« + rx.
Equations (2.4) imply relations of the form (2.2) and (2.3). To demonstrate this fact, we compute the derivative with respect to u of the first equation of (2.4) and eliminate x.
Henceforth we shall investigate the consequences of equations (2.4) in view of (2.1). On differentiating (2.4) we obtain the system y« + ay = ßx, Juv + ccyv + avy = ßxv + ßvx, yv + py = axu + TX, y™ + py« + P«y = (<ru + aa + t)xu + abxv + (r" + <rc)x.
The right members of these equations are linearly dependent. Unless the determinant of the coefficients of the left members vanishes there exists a linear relation in the functions yuv, yu, yv, and y. Such a relation together with (2.2)
would restrict the surface S(y) to be developable. We consider the case for which S(y) is not developable, and for which the determinant vanishes. The expanded form of the determinant set equal to zero is On applying integrability conditions to the left members of (2.7), we obtain the relation xu(Ra + Ru + S) + xv(Rb -g) + x(Su + Re -g») = 0.
The left member of this equation must vanish identically in x and its derivatives. The coefficients set equal to zero give
By using the first and second equations of (2.8) to eliminate g and 5 from the third, we show that R is a solution of the equation (2.9) Ruu = -aRu -bRv + (c -au -bv)R.
These results are summarized in the following theorem.
Theorem 3. Let there be given an integral surface S(x) of the point differential equation (2.1), and let R be a solution of (2.9), with g and S determined by the first two of equations (2.8). Then the coordinates y obtained by quadratures from (2.7) determine the generating point of the focal surface of a parabolic congruence that is autoconjugate to the family of asymptotic u-curves on S(x).
3. Families of asymptotic curves in relation £'. Two families of asymptotic curves which are autoconjugate to the same parabolic congruence are, by Definition 3, in relation £'.
Let S(x) and S(x') be two surfaces bearing each a family of asymptotic curves, and so related that the two families are in relation £'. Let S(y) be the focal surface of the parabolic congruence to which they are autoconjugate, the point differential equation of this surface being in which £ and £' are solutions of (3.1) for which ££u' -£'£"^0. As a result of eliminating y and its derivatives from (3.2), we obtain the following relations :
Xu. -Ax = Mxñ + Nx', (3.3) *" -Bx = Pxñ + M xi + Qx'.
The coordinates x satisfy an equation of the form (3.4) xuu = axu + bxv + ex, and the coordinates x' satisfy a similar one. By computing the derivative with respect to v of the first of (3.3), and the derivative with respect to « of the second, and reducing the resulting system by (3.4), it can be shown that unless the determinant Av-Bu is equal to zero, the point x lies in the plane tangent to S(x') at the point x'. With the condition Av-Bu = 0, equations (3.3) are transformed by the substitution x = 9x into the form ¿eu = Mxá + Nx', (3.5) *, = Pxá + Mxá + Qx'.
On taking suitable linear combinations of (3.5), we obtain the relations 0C\i ~~ A X ^-JVL %u j %v Sj OC -JT %u | 1V-L jOf} • An argument similar to the above suffices to show that these equations can be transformed, by a substitution x' = B'x', so that A' = B' -0. We therefore write (3.6)
x-o = pxu + mxv.
Integrability conditions applied to the left members of (3.6) lead to a differential equation in x of the form We observe that in order to reduce (3.4) to the form (3.7)]by a transformation x = 6x, it is necessary and sufficient that 6 be a solution of (3.4). Coefficients of (3.7)areo = a-20u/0, b = b.
By eliminating m from (3.8) it is found that p satisfies the equation (3.9) Puu + äpu + bp" + (au + Bv)P = 0.
We have in conclusion Theorem 4. Let S(x) be an integral surface of (3.4), and let 6, p, and m be solutions of (3.4), (3.9), and (3.8) respectively. Then the coordinates x' obtained by quadratures from the equations (3.10) X:=P(Í)u+m(l),' determine the generating point of a surface S(x') having a family of asymptotic u-curves in relation £' with the family of asymptotic u-curves on S(x).
One readily verifies that the point having coordinates rj = x' -m(x/d) is the generating point of the focal surface of the parabolic congruence autoconjugate to the asymptotic curves on S(x) and S(x').
4. Transformations £' with the same parabolic congruence. Let S(x) and S(x') be two surfaces with families of asymptotic «-curves in relation £', as represented by the equations (4.1) xi = pxu + mxv.
The coordinates x satisfy a differential equation In order to determine on a third surface a family of asymptotic curves that is autoconjugate to the parabolic congruence of lines which connect corresponding points of S(x) and S(x'), we make the change of coordinates (4.3) *' = 6'xi'
and define the coordinates of a point on the line xx' as xi = x -6x1.
In terms of the old coordinates 6 (4.4) xi -x-x'. 6
The functions 9 and 9' will be determined so that Xi and xi satisfy a system of equations similar to (4.1).
By differentiating (4.3) and (4.4), and applying (4.1), we establish the 
If these equations are to take the form of (4.1), the coefficients of xl must vanish. This gives the conditions en = mdu, (4.6) 01 = pôu + m6v.
From the integrability conditions on (4.6), 9 is a solution of (4.2), and 9' is obtained by quadratures on (4.6). The function 9' is a solution of the point Xl, differential equation of S(x'). It can also be verified that
The above deductions justify the following theorem :
Theorem 5. Let there be given two surfaces S(x) and S(x') sustaining families of asymptotic curves in relation £', and let the coordinates x and x' be chosen so that equations (4.1) and (4.2) hold. Then in terms of 0, a solution of (4.2), and 0', a corresponding solution of (4.6), the coordinates xx defined by (4.4) determine the generating point of a surface S(xx) which has a family of asymptotic u-curves in relation £' with the corresponding families on S(x) and S(x').
As an example of the above transformation, we shall establish the following theorem :
Theorem 6. // a surface S(x) bearing a family of asymptotic curves lies on a hyperquadric, any parabolic congruence autoconjugate to the family meets the hyperquadric again in 'a surface bearing a family of asymptotic curves in relation £' with the first family. Let the chosen parabolic congruence be autoconjugate to the family of asymptotic curves on S(x'), where the coordinates x' of the generating point of S(x') are defined by (4.1). From differentiating (4.8) and reducing the results by (4.2), we obtain the relations Z aik(xjxk + x'xï) = Z aik(xixk + x*xk) = Z aikxáxí = 0.
By means of these relations, it can be shown that the function (4.9) 6 = Z ««(*'*'* + *'4**)
is a solution of the point equation (4.2) of S(x), and that the function (4.10) 6' = Z aikx'W is a corresponding solution of (4.6). If S(xx) is determined by the transformation (4.4), using 9 and 8' from (4.9) and (4.10), it is easy to show that Xx satisfies the equation (4.8) of the hyperquadric. The surfaces S(xx) and S(x) are in relation £' by transformation (4.4).
As a second example of the transformation, we consider Theorem 7. If a transversal surface of a parabolic congruence lies in a hyper plane, it has on it a family of asymptotic curves that is autoconjugate to the parabolic congruence.
Let the given surface be transversal to the parabolic congruence of lines that join corresponding points of S(x) and S(x'), and define the coordinates of its generating point as
The equation of the hyperplane may be taken as £a = 0. If X is determined so that £* = 0, its value is \ = xi/x'i. As a consequence x< (4.11) £ = x-*'. x*
The functions x* and xu have the properties of 9 and 9' which are required by the £' transformation (4.
4). Hence S(£) is an £' transform of each of S(x)
and S(x').
For the £' transformation (4.4), which sends S(x) into S(xi) by means of the auxiliary surface S(x') =S(xl), we wish to determine an inverse. That is, we wish to determine a pair of functions 0_1 and (0')-1 such that e-1 (4.12) x = xi-*/,
where 0_1 is a solution of the point differential equation of S(xi), and (0')_1 is related to 9~l by equations similar to (4.6) which give the relations between 9' and 0. Analogues of (4.6) are obtained by solving (4.5), in view of (4.6), for x'yu and x'u, then replacing xl by (0')_1 and Xi by 0_1. The equations are m 6' -m6
(e' -me)2 e' -me Equations (4.13), as well as the point differential equations of S(xi) and S(xl) obtainable from them by integrability conditions, are satisfied by the functions (4.14) f-~£i (eTl = V'
These functions also give a result consistent with (4.4) when they are substituted into (4.12). It can be verified that
is transformed into S(xx) by means of 8, 0', and the auxiliary surface S(x'), as expressed in (4.4), then S(xx) is transformed into S(x) by means of the functions 0_1, (0')_1, and x{, where 0_1, (0')_1, and x( are defined by (4.14) and (4.3), and the transformation is expressed by (4.12). By differentiating (5.3) and the first of (5.2), we can establish, at the end of some labor, the following equations:
These equations show that S(x"{) and S(xi,i) are in relation £'. It follows that S(x'1'1) and S(xi,2) are in relation £'. An inverse of the £' transformation (4.4) is given by (4.12) in view of (4.14). On adapting these equations to the first of (5.2) we determine -0i/0i' as a solution of the point differential equation of S(*i,i). If we set *i,i«■ -0i/0i in (5.4), there is obtainable by quadrature a corresponding solution of the point equation of S(x["). We verify that *i','i' = -91'¡91 is such a solution. Using these two solutions, we construct the transformation tz t\ ' 6l '" (5.5) xi,t = xi,i-77*i.i0i
It can be shown that x[i2 =*i,2 by means of equations (5.2) and (5.3). These results are summarized in Theorem 9. // a family of asymptotic curves on S(x) is transformed into two other families of asymptotic curves on 5(*i,i) and S(xi,2) respectively by means of the same function 0i, the latter two families are in relation F' ; moreover, any two of the three families S(x), S(xx,x), S(xx,i) are transforms of the third by means of the same solution of the point differential equation of the third.
The three families form a close analogy to a triad of conjuage nets.* 6. A theorem of permutability of transformation £'. From (5.2) it can be seen that a solution of the point differential equation of S(xx,x) is given by 0i (6.1) 0i2 = 02--81, dx where 02 is a solution of (4.2), and 02' is a corresponding solution of the first pair of (5.1). To get a solution of the point equation of S(x"á), let 02" be a solution of the second pair of (5.1) corresponding to x = 82; then from (5.3) we have the desired solution 0 " (6.2) 0i'2"= 02" --«,'.
01
By means of the above solutions 0i2 and 0i2", we construct the following transformation of S(xltx) :
Using the solution 02, and equations similar to (5.2) we have two more transformations of S(x) as follows: Corresponding points of S(x), S(xx,i), and 5(#2|2) are on a straight line. They are in relation £' by pairs. To determine the analytic relation by which S(xi,i) is transformed into S(xt,t) we compare equations (5.2) and (6.4) to (4.4) and (4.16), and draw conclusions corresponding to (4.17), (4.18), and (4.19). The results show that 0i (6.5) 02 -h" is the required solution of the point equation of S(xx,i), and that 02"/0i" is a solution of the point equation of S(x"/&{'). That is, S(x2,i) is a transform of S(xi,i) by means of the solution (6.5).
From equations (5.5), placing x{i2 =Xx,i, and (6.3), it is seen that xm is a transform of S(xi,i) by means of the function * Eisenhart, loe. cit., p. 44. [March (6.6) 012--7 0Í2", 0i
which is a solution of the point equation of S(xi,2). This expression is reducible to (6.5) by (6.1) and (6.2). Hence we have shown that 5(*2,2) and S(xa2)) are transforms of S(xi,2) by means of the same solution of its point differential equation. It follows that S(x(12)) and S(x2,2) are in relation £'. We shall now investigate S(xm) through its relation to S(x2,2) and S(x2,i). The point where the line x'x" intersects the line #2,2*2,i has coordinates //// (6.7)
x't.2 = *'--*", which are obtained by subtracting equations ( From these two solutions, we construct the transformation 0102 -0201 /;/, £(2i) = *2,2-;---;--x2,2 .
Using the foregoing equations, it is easy to show that (0i"02 -02"0i)*' + (02 01 -0l'02)*"
In order to estimate the prevalence of the transformations £' that exist for given families of asymptotic curves, we count the constants in the foregoing quadratures. From the manner in which 91,91', 91, 92 ' were obtained, each contains an arbitrary constant. If S(*i,i) and S(xt,t) are chosen transforms of S(x), the constants in 91 and 02" are determined by the choice. The constants in 02' and 02" are left arbitrary. From these facts, we state for transformations £' a theorem of permutability.
Theorem 10. If S(xi,l) and 5(*2l2) are two F' transforms of S(x) by means of functions 0i and 92, and two distinct parabolic congruences, there exist °o2 surfaces 5(*(i2)), each bearing a family of asymptotic curves in relation £' with 5(xi,i) and S(x2,t).
By employing the notation used in § §4, 5, and 6, which is similar to that used by Eisenhart,* the equations in these sections can be given metric interpretations which yield a theory of parallel transformations for families of asymptotic curves, and also radial transformations of the same.
7. General transversal surfaces of a parabolic congruence. Consider S(x), the most general transversal surface of a parabolic congruence. Let the curves cut out on S(x) by the developable surfaces of the congruence be used as parametric «-curves. It has been demonstrated by the authorf that under these conditions the coordinates x satisfy an integrable system of differential equations of the form In the sense of Definition 1 the «-curves of the surface S(x) are autoconjugate to the parabolic congruence to which S(x) is transversal.
To determine the focal surface S(y) of a parabolic congruence which is autoconjugate to the «-curves of S(x), an integral surface of (7.1), consider the point having coordinates (7. 3) y = *u" -2b'xu -c'xv + (cá -a'c' -e')x.
Using equations (7.1) and (7.2) it can be verified that x and y are related by equations of the form Vu -(a -2b') y = Gx, (7.4) yv -a'y = hx -4-kxu.
On eliminating x from (7.4) it is found that the coordinates y satisfy an equation * Eisenhart, loe. cit., eh. 2.
f Gore, University of Chicago Dissertation, 1932, p. 47.
(7.5) yuu = ayu + ßyv + yy.
The first of equations (7.4) shows that S(x) is transversal to the «-tangent lines of S(y), while equation (7.5) indicates that the «-curves of S(y) are a family of asymptotic curves. Since the surface S(y) can be transformed into a sequence of surfaces by transformations of the type of (1.2) and since the surface S(x) is transversal to the connecting tangent lines between two consecutive surfaces, we can make use of a general inscribing theorem* which we quote : "Let T denote a sequence of surfaces in which the points'of each surface 2<+i are joined in a one-to-one manner to the corresponding points of H i by a set ß< of oo2 osculating spaces of v dimensions belonging to the curves on the surface 2,-. Let 2/ be any surface that is transversal to the set of osculants Qr. Then it follows that the transversal surface 2/ belongs to a sequence of surfaces T' which is inscribed in the given sequence T."
The above theorem shows that the surface S(x) belongs to a sequence that is inscribed in the sequence to which S(y) belongs. But since S(y) can be transformed into a multiplicity of sequences, the same is true of S(x). The transformations that operate to produce them are similar to (1.2).
* Gore, Inscribed sequences of surfaces associated with generalized sequences of Laplace, these Transactions, vol. 36 (1934) 
